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ABSTRACT
A device that can measure the dynamic compliance of a material has applications for research,
health sciences and for use as a pedagogical tool. A device was created which stochastically
perturbs a material while measuring the resulting forces and displacements. A software program
then creates a non-parameterized impulse response function in addition to a fit second order
model for the material. The device was tested on a compliant sponge sample which exhibited
highly nonlinear dynamic behavior. The low frequency compliance of the sponge was measured
with the device with 16% to 31% error. Improvements for further dynamic testing on the sponge
are presented as well as future improvements to the design of the device.
Thesis Supervisor: Ian W. Hunter
Title: Hatsopoulos Professor of Mechanical Engineering
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1 Introduction
The goal of this project was to create a device that would allow for the rapid measurement of
dynamic compliance of a compliant material. Such a device has numerous applications in
research and design, health sciences as well as for use as a pedagogical tool. It can be used to
quickly identify or characterize the viscoelastic properties of materials which then could be used
for research or design purposes. Such a device also has implications for the clinical assessment
of dehydration in patients. Skin elasticity tests are currently implemented by physicians where a
patient's skin is pinched and the length of time it takes for the skin to retract provides a measure
of dehydration [13]. This device also would have the application of being used in science and
engineering classrooms to teach students instrumentation and system identification. Currently,
the goal of the MIT iDAT initiative is to develop a suite of web-based wireless sensors for
students to use in class.
The design of my device includes two main sections: an aluminum housing for the linear
actuator and probe, and a plastic housing for the amplifiers, batteries, LVDT and on/off switch.
The aluminum housing was primarily fabricated using a CNC lathe since the housing's
subcomponents were designed to be concentric rings which conformed to the actuator's
geometry. The plastic housing was fabricated using a 3D stereolithography machine since it had
to compactly house many differently shaped subcomponents. The volume and mass of this
section was minimized to facilitate one-handed operation of the device.
Experiments were performed to determine the degree to which my device was able to measure
the dynamic compliance of a sponge sample.
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2 Background
An understanding of the elastic properties of materials is important for materials research. There
exist numerous techniques to determine the static Young's Modulus of a material. A common
procedure is to clamp the material to be tested at two ends and apply a measured force while
measuring the resulting strain of the material. The methods for measuring the changes in
material length range from small sensors such as linear variable differential transformers [11],
bench-top setups such as laser interferometry [10], to larger materials testing instruments such as
an Instron machine [7]. The Young's Modulus of human skin has been measured using a
technique whereby the skin is suctioned from a controlled pressure gradient and the vertical
displacement of the skin is measured by an ultrasound device [4].
'While it is useful to know the static Young's Modulus of a material, that does not provide
enough information to understand the viscoelastic behavior of a material. It is therefore
important to understand the dynamic stiffness to understand how the material stiffness changes
as the frequency of the input force changes.
A common technique used to determine the dynamic stiffness of a material is via the swept sine
approach. This is where multiple input forcing signals covering a desired range of frequencies
are used to excite the material. For each frequency, the magnitude and phase difference of the
force and displacement signals are measured. A frequency dependant relationship between force
and displacement is then established [3], [6].
An alternative approach to obtaining the spectral relationship between force and displacement is
by using a band-limited stochastic signal for the force input. In this scenario, the forcing signal
contains the spectral content that would otherwise be tested one frequency at time using the
swept sine approach. This technique has been used to estimate the two-dimensional dynamic
stiffness of the human arm, where a test subject would grasp a robotic manipulator which would
perturb the subject's arm while measuring the force and displacement [5].
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3 Mechanical Model of a Compliant Material
3.1 Nonlinear Stiffness Profile of a Sponge
A static force measurement was performed on a 7.3 mm thick sponge in order to determine its
static stiffness profile. Force and displacement measurements were simultaneously taken with
the FGP Sensors & Instrumentation XFTC300 Miniature Load Cell and the Sentech DC Fastar
Linear Displacement Transducer System respectively as the forcing signal to the linear actuator
was varied. Figure 1 shows a nonlinear stiffness profile for the sponge.
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Figure 1: Nonlinear force displacment curve of a 7.3 mm sponge.
As the amount of deflection is increased, so does the stiffness of the sponge which is given by
the slope of the curve. This is in part due to the limited thickness of the sponge and the fact that
the forcing probe was approaching the much less compliant Delrin stock to which the sponge
was attached. Moreover, as the sponge compressed its density increased locally which in turn
increased the stiffness.
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4 Apparatus Design
The design of the apparatus had to meet certain specifications. It had to be small and light
enough to be easily manipulated one-handed by a single user. It also had to be durable enough to
withstand the reaction forces of the actuator and the motions induced by the user. In addition,
the apparatus had to be completely self contained and house the various subcomponents
including the linear actuator, sensors, amplifiers and batteries. Figure 2 shows a schematic of the
main subcomponents of the apparatus.
Displacem ForcemnDisplacement Linear Actuator Forcing Probe Transducer TransducerForcing Probe
E
0
Figure 2: Schematic of the portable mechanical compliance sensor and its primary components.
The subcomponents that were used in the apparatus are summarized in Table 1.
Table 1: Names and descriptions of components contained within the portable mechanical compliance sensor.
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H2W Non Commutated Moving Magnet Actuator P/N
NCM15-015-032-2LB Linear Actuator
FGP Sensors & Instrumentation XFTC300 Miniature
Load Cell (50N range, tension/compression) Force Transducer
Amplifier for Force
GS Sensors XAM-BV Miniature in-line amplifier Transducer Signal
RDP Electrosense DCTH300 Unguided DC Linear Displacement
Variable Differential Transformer (LVDT) Transducer
Power Amplifier for
Apex PA74A Power Operational Amplifier Linear Actuator
Duracell Procell 9 Volt Batteries Batteries
4.1 Mechanical Design
The housing was divided into two main sections, A and B. Section A, shown in Figure 3, housed
the linear actuator and force sensor and was composed of aluminum and steel subsections.
Figure 3: Aluminum housing with steel connector rods which encloses the linear actuator and force
transducer.
Aluminum was selected as the primary material of choice for its light weight, resistance to
fracture, easy machinability and high thermal conductivity. Steel was used for the support rods
for its high elastic modulus as each rod had a high ratio of length to diameter. Machinability was
not an issue as the rods were prefabricated.
Section A was composed of four concentric cylindrical aluminum pieces and four steel support
rods, shown in Figure 4. The aluminum components were turned, faced and bored to size using
the Mazaak Turning Center. All screw holes and steel support holes were drilled out on the
Mazaak as well.
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Figure 4: Exploded view of aluminum housing showing the concentric ring design and the set screw holes
used for fastening.
Section Al acts as an interface between the steel support rods and section B. It also provides
structural support to the upper portion of the linear actuator. Each steel support rod is secured at
each end by an M3 set screw. Section A2 interfaces with the opposite end of the support rods
and sits flush against the flange of the linear actuator, providing structural support. A small slit
was cut in Section A2 with an Electrical Discharge Machine to allow the linear actuator wiring
entrance into the aluminum housing. Section A2 also contains four M4 tapped holes which line
up with those on the flange of the linear actuator. The holes allow sections A2 and A3 to be
joined while sandwiching the flange. Section A3 interfaces with section A4 via three M3 set
screws. The purpose of section A4 is to provide protection to the linear actuator probe and force
sensor from lateral forces. A small side section is milled out of Section A4 to allow the force
sensor wiring freedom of motion as the forcing probe vibrates. The face of Section A4 also has
four M3 tapped holes in a 20 mm by 20 mm grid to allow attachments to the device if necessary.
Section B, shown in Figure 5, houses the displacement sensor, amplifiers, batteries and on/off
switch. This section was fabricated using a 3D Stereo-Lithography Apparatus (SLA). 3D
stereolithography was the chosen means of fabrication for section B since this section was rather
complicated in its shape. The SLA also provided a quick manner of prototyping the design as
well as minimized weight and volume.
11
__I ·
Figure 5: Housing for power supply, LVDT, amplifiers, heatsink and on/off switch, fabricated by 3D
stereolithography.
Section B is composed of six compartments which house the various subcomponents, as shown
in Figure 6.
Figure 6: Compartments for the components housed in Section B.
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Section B interfaces with Section A via a cylindrical protrusion which inserts into section A3
and is secured with M3 set screws. Section B1 is a cylindrical hole wherein the LVDT resides.
The LVDT is held in place by two nylon tipped M3 set screws to avoid scratching or damaging
the sensor. Section B2 holds the force sensor amplifier and sections B3 and B4 hold the four 9
volt batteries which power the entire device. A switch was press-fit into the section B5 channel
and enough room remains in the channel to attach a circuit board for future wireless connectivity.
Section B6 houses the Apex Microtechnology PA74A power amplifier and associated aluminum
heat sink. The amplifier heat sink was first cut to size with a bandsaw and finished with an
endmill. Holes for the screw holes and amplifier pins were drilled using a mill drill. It was
fastened with two M3 machine screws.
The linear actuator interfaces with the force sensor and the movable core of the LVDT via
aluminum couplings. The coupling was fabricated with the Mazaak Turning Center, bandsaw
and milling machine. One end of each coupling was drilled and tapped to allow the LVDT core
and the force sensor to screw in. The other end of each coupling was comprised of two sections
that were screwed tightly around the actuator shaft.
4.2 Circuit Design
There were three devices which communicated with the National Instruments DAQCard-6062E
[18] not including the laptop PC. These were the DC300TH LVDT, the PA74A power amplifier
and XAM-BV load cell amplifier. The output of the PA74A was used to power the linear
actuator. All devices were powered by four 9 volt batteries in a +/- 9 V configuration. A double
pole, single throw rocker switch was used to connect and disconnect the positive and negative
battery terminals from the devices. A schematic of the apparatus circuitry is shown in Figure 7.
13
Figure 7: Schematic showing the actuator, sensor, amplifier and power I/O connections.
The linear actuator required upwards of 2 amps of current to reach a peak force of 14 N which
was significantly more than could be drawn from the NI DAQCard-6062E d/a output. A unity
gain inverter was designed with the PA74A so that sufficient current could be drawn. A 10 kQ
resistor was used on the feedback loop with a 10 kg resistor on the input to achieve unity gain.
In order to reduce high frequency noise from the power supply, a 0.1 /OF ceramic capacitor and a
10 /LF tantalum capacitor were placed in parallel between +9 V and ground and -9 V and ground.
A schematic of this configuration is shown in Figure 8.
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Figure 8: Schematic of the unity gain inverting amplifier and decoupling capacitors acting as a low pass filter
on the power supply
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5 Device calibration
A number of bench top experiments were performed on the subcomponents of the apparatus for
their calibration and characterization.
5.1 DC Fastar Displacement Transducer
The displacement sensor originally used was the DC Fastar Linear Displacement Transducer
System. The DC Fastar is a variable inductance, non-contacting linear position sensor with an
external circuitry box for signal processing. A linear measurement range of 10 mm was
specified for the sensor as that was an upper bound for the thickness of a test material. In order
to verify the sensor's linearity, the sensor's output was measured at a range of different heights
by placing the device on stacks of acrylic shims of various thicknesses. Figure 9 shows that the
DC Fastar was indeed linear from 0 to 12.6 mm and would be suitable for the apparatus.
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Figure 9: Calibration results for the DC Fastar displacement transducer.
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5.2 DCTH300 LVDT
A more compact displacement measurement solution was desired than the DC Fastar. The
DCTH300 LVDT was chosen as it did not require an external circuitry box since all of the
circuitry was contained within the LVDT. The sensor had an output bandwidth of 200 Hz which
would be more than enough to measure the desired 30 Hz frequency band. It was calibrated to
+/'- 10 mm using stacked mm glass slides. Figure 10 shows how the sensor was calibrated in
both directions. From the results of the calibration shown in Figure 10 it is clear that the
DCTH300 was linear in the necessary measurement range.
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Figure 10: Calibration results for the DCTH300 LVDT.
5.3 Force Transducer
The XFTC300 Miniature Load Cell, was tested for its linearity both in tension and in
compression. These calibration tests were performed independently as a separate experimental
setup was required for tension and compression.
The compression test was performed by keeping the apparatus fixed and then applying forces
from 0 to 10 N with a Shimpo 50 N force gauge. The output from the XAM-BV load cell
amplifier was measured for each force level with a Fluke 187 True RMS Multimeter. The
experiment was then repeated.
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.
The tension test was performed using two approaches. First, a set of known masses were
suspended from the load cell and the amplifier output was recorded for each mass. Second, the
apparatus was placed in a horizontal position and a spring was tied in between the load cell and
horizontally positioned Shimpo force gauge. This allowed a simple way to obtain various forces
since the applied force would vary by the amount the spring was stretched. The average slope
was used as the force to voltage calibration constant. The results of these calibration tests are
presented in Figure 11.
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Figure 11: Calibration results for the XFTC300 Miniature Load Cell.
5.4 Linear Actuator
hI order to know the range of voltages and resulting current to apply to the linear actuator to
produce the desired forces it was necessary to verify the relationship between the current applied
to the linear actuator and the resulting force.
The Shimpo force gauge was fixed in a vertical orientation with the probe in line with the linear
actuator which was fixed above the force gauge. A Hewlett Packard E3632A DC Power Supply
was used to apply varying voltages and measure the applied current. Figure 12 shows the results
of the experiment. Note that at zero current there is an applied force which is equal to the weight
of the actuator probe resting on the force gauge.
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Figure 12: Linear actuator force and current measurements taken with a force gauge and power supply
respectively.
5.5 Power Amplifier
The Apex Microtechnology PA74A is a dual op-amp based power amplifier. A bridged
amplifier circuit was originally going to be used in a bidirectional control configuration.
However, there were difficulties in obtaining a reliable linear output from this configuration. It
was then decided that a simpler circuit would be used which would only use one of the two op-
amps in the PA74A. A unity gain inverting amplifier was used as that seemed to be the simplest
solution for the power amplifier circuit. A schematic of the circuit that was ultimately used is
shown in Figure 8. The output voltage of the PA74A in response to a 10 kHz pulse train is
shown in Figure 13.
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Figure 13: Response of the PA74A power amplifier to a 10 kHz pulse train.
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6 Theory
A stochastic input forcing signal had to be generated so that input output relationships could be
measured across a wide frequency band. A Gaussian white noise signal with zero mean was
generated using the formula,
12
gwni = rnd(l)-6, (1)
j=1
where rnd(l) is a function that outputs a random number between 0 and 1. The limit of
summation was chosen to be 12 as this produced a close enough approximation to a Gaussian
distribution. This signal was then convolved with a first order low pass filter so that lower
frequencies would have more power and so as to avoid aliasing when sampling. The first order
low pass filter was of the form,
Iexp - At (3)fj =)
where is the time constant as well as the reciprocal of the break frequency and At is the time
increment. The formula for discrete convolution is
(f * gXm) = E f(n)g(m - n)At, (2)
n
where the two functions being convolved are gwn andf to produce u. Next, the input signal, u,
had its mean, h, set to zero and its standard deviation, au, set to a desired value of Odes according
to the formula,
i = des (Ui - u (4 )
a u
Once the forcing signal, u, was inputted to the power amplifier and linear actuator, the actual
forcing signal, x, was measured along with the displacement signal, y.
The input biased autocorrelation function was determined according to the formula,
1
Cxx(J) = - x(n)x(n - j), (5)N
where N is the number of elements in x. The input-output cross-correlation function was
determined from the formula
21
C, (j) = ' x(n)y(j + n).N
A Toeplitz matrix was formed from the input biased autocorrelation function according to the
formula,
Cxxj,k = C (I j -k ), (7)
where j and k are the row and column indices of the matrix respectively [8].
response function of the system was then solved for using the formula
hest At(c c )
The impulse
(8)
The system was then fitted to a second order impulse response function, the transfer function of
which, follows the form
Y(s) Kwn2
X(s) s2 + 2 cos +0, (9)
where K is the gain, cw, is the natural frequency and ' is the damping ratio. The variance
accounted for (VAF) was used as a quantitative measure of the success of the prediction. The
VAF is calculated by the formula
=,,VAF = 10Ola(1(error)2 )
C(Ymeasured )
(10)
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(6)
7 Experiment Setup and Procedure
7.1 Setup
The device's common ground, two transducer outputs and power amplifier input were connected
to the NI DAQCard-6062E analog ground, analog to digital inputs and digital to analog output
respectively. The linear actuator's leads were connected to the common ground and to the output
of the power amplifier. A flowchart showing the connections between subcomponents is
presented in Figure 14.
Computer
(MathCAD)
I t
ADC/DAC I/O Module
t t
Power Amp
Linear
Actuator
1
Displacement
Transducer
(LVDT)
A
Amplifier
t
Force
Transducer
(Load Cell)
Tl
Compliant Material (Sponge)
Figure 14: Flow chart showing input and output signals.
A quick test was performed to verify that the MathCAD program was producing reasonable
impulse response functions. For this, the generated forcing signal was fed directly into an RC
circuit low pass filter and the output was fed into the displacement channel. The resistance was
chosen to be 10 kg and the capacitance was chosen to be 10 /iF so that the time constant would
23
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be 0.1 seconds. The non-parameterized impulse response function of the circuit is presented in
Figure 15.
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Figure 15: Deconvolved impulse response for an RC circuit.
Next, the MathCAD program was opened and the calibration offsets for the transducers were set
by measuring their output voltages at a zero reference force and displacement with a multimeter.
These force and displacement sensor voltage readings were plugged into the variables
ForceSensorOffset and PositionSensorOffset respectively.
After this calibration, the number of samples, I, was set to 4000 at a sampling rate of 400 Hz.
Gaussian white noise was generated according to Equation (1). This signal was then filtered
digitally with a first order low pass filter having a cutoff frequency of 31.8 Hz Equation (2).
This new signal was then set to have a standard deviation of 1 N and a mean value of 3 N.
Values above 10 N and below 0 N were set to 10 N and 0 N respectively.
The device was placed in a horizontal orientation as shown in Fig. 16 so that it would be working
with a controlled and consistent component of gravity.
24
Figure 16: Portable mechanical compliance sensor sitting horizontally for testing. The sponge sample and
Delrin backing are held against the probing end by hand.
The test material was a 7.3 mm thick sponge which was glued to a rigid piece of Delrin. The
Delrin and sponge were held firmly against the probing end of the device during each test as
shown in Fig. 16. Once the device was turned on, the main program loop was enabled to
commence sampling. The complete MathCAD program that was used for data collection is
provided in the Appendix.
7.2 Data Collection
Sixteen trials of data collection were performed in total. Four trials were performed with the
same pregenerated input forcing signal then another four trials were performed with a newly
generated forcing signal. Eight more trials were performed in this manner for forcing signals
that had an average value set to twice that of the first eight.
The force and displacement data was saved after each trial. From the force and displacement
data, a non-parameterized impulse response function was generated numerically as shown in the
Appendix. A nonlinear minimization technique, provided in the Appendix, was used to estimate
second order model parameters for the system. The actual displacement signal was compared to
the displacement predicted by the second order model as well as by convolving the input forcing
signal with the non-parameterized impulse response function.
25
8 Results
A sample force and displacement set of measurements are presented in Figure 17.
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Figure 17: Force and displacement signals as measured by the device.
The force data in the above plot is the filtered Gaussian white noise signal measured by the force
transducer. Both of these signals have had their means set to zero for the purpose of analysis.
Figure 18 shows that the force signal did in fact have a Gaussian distribution of amplitudes. The
smooth solid curve is a Gaussian function with the same mean and standard deviation as the
force data.
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Figure 18: Histogram of measured force signal showing Gaussian distribution of forces.
The impulse response function that was generated from the input autocorrelation function and
the input-output cross-correlation function is presented in Figurel9 along with the least squares
fit second order model impulse response function.
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Figure 19: Non-parameterized and 2nd order impulse response functions for the sponge.
From the estimated second order model, the parameters gain, natural frequency and damping
ratio were derived. These parameters that were derived for each of the sixteen trials are
presented in Figure 20.
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Figure 20: Fitted 2nd order parameters for the sponge. Four sets of four tests were performed, each with a
unique input forcing signal.
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Bode magnitude and phase plots were also created from the second order parameters gain,
natural frequency and damping ratio as shown in Figure 21.
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Figure 21: Bode magnitude and phase plots for a 2nd order model fit to the sponge.
The input forcing signal was convolved with the second order modeled impulse response
function to create a predicted output. The actual displacement output and the output predicted by
the model are presented in Figure 22.
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Figure 22: Measured displacement signal and displacement as predicted by the non-parameterized impulse
response function and 2nd order fit impulse response function.
A histogram showing the error distribution between the predicted and actual output is presented
in Figure 23. The smooth solid curve is a Gaussian function with the same mean and standard
deviation as that of the error signal.
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Figure 23: Probability density function of measured displacement compared to a Gaussian distribution with
the same mean and standard deviation.
The measured force signal was convolved with the impulse response function generated from its
autocorrelation function as shown in Figure 22. However, this does not gauge to what degree a
given generated impulse response function can predict the output due to other inputs. Thus, a
different measured force signal was also convolved with the same previously generated impulse
response function. The output predicted via this manner and the actual output displacement are
presented in Figure 24.
31
1E
a)Eco
a)
C
0.5
0
-0.5
1
0.5
0
-0.5
0 2 4 6 8
0 2 4 6 8
10
10
Time (s)
Figure 24: Measured displacement signal and displacement as predicted by an unrelated non-parameterized
and 2nd order impulse response functions.
In order to quantitatively measure the discrepancy between the actual and predicted output
displacements, the variance accounted for was calculated each of the error signals. The results of
the variance accounted for calculations are presented in Table 2.
Table 2: Variance Accounted For percentages for the errors between the actual displacement and the non-
parameterized estimate as well as to the 2nd order model estimated displacement.
VAF est VAF model
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1st Set Average
1st Set Standard Deviation
2nd Set Average
2nd Set Standard Deviation
3rd Set Average
3rd Set Standard Deviation
4th Set Average
4th Set Standard Deviation
54.73
6.87
47.37
4.28
59.05
3.74
56.19
2.78
41.86
7.18
33.48
4.55
19.77
10.69
31.16
8.99
9 Discussion
From the displacement data in Figure 17 there is a gradual decrease in the average displacement.
This indicates that the forcing probe was gradually sinking deeper into the sponge over the
course of the test and eventually settled at an average equilibrium depth after approximately 5
seconds. At this lower depth, one would expect the compliance to go down as is indicated in the
static force to displacement measurement in Figure 1. This sinking phenomenon also suggests
that a good second order fit should not be expected to be derived from the data since the
compliance is changing over time.
The non-parameterized impulse response function, shown in Figure 19, is very noisy and it is
difficult to visually identify second order characteristics. The second order fit impulse response
function does capture the initial dominating peak at 0.05 seconds and then decays in an
overdamped manner.
The gains, shown in Figure 20, agree with the static compliance measurements from Figure 1 to
within 31% and 16% for the 1.5 N and 3 N regions respectively. The average compliances for
the 1.5 N and 3 N regions are 1.48 mm/N and 0.82 mm/N respectively as calculated via the
second order model. The compliance at these two forces from the static measurements in Figure
1 are 1.02 mm/N and 0.69 mm/N respectively. The average natural frequencies for the two
regions were calculated to be 16.1 rad/s and 10.1 rad/s. The average damping ratios were 1.53
and 1.03 which indicate overdamping in both regions.
The output displacements predicted by the non-parameterized impulse response functions and by
the second order impulse response functions follow the low frequency trend of the actual
displacement. Figures 22 and 24 exhibit the gradual sinking and settling into the sponge. The
non-parameterized predicted response captures the higher frequency content better than the
second order model. Many of the peaks and spikes of the actual displacement are also present in
the non-parameterized predicted response.
The variance accounted for scores, shown in Table 2, were between 13 and 40 points higher for
the non-parameterized model as compared to the second order model. This indicates that the
second order model was substantially inferior in predicting the displacement compared to the
non-parameterized model. However, none of the average VAFs were greater than 60 which
indicates that even the non-parameterized model did not predict the output well.
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10 Conclusions and Recommendations
The portable mechanical compliance sensor was tested extensively and did not fail mechanically.
The fact that the device did not overheat during use, fall apart, break or become damaged in any
'way indicates that the design was well conceived and would serve as a suitable model for future
designs. The linear actuator was the largest component of the device. Since the maximum
applied force was lower than the maximum output of the actuator, a smaller actuator could
potentially be used instead. This would decrease the overall size of the device and further
increase its portability.
The low frequency gains calculated from the second order model closely matched the
compliances measured from the static force to displacement test on the sponge. The data showed
that the sponge was stiffer when a higher average force was applied to it. This makes sense since
at a higher average force, the sponge will be more compressed and denser which would decrease
its compliance.
The device was able to measure the low frequency gain of the sponge at the two different force
levels tested. Oddly, the natural frequencies went down as the compliance went down. This is
not the expected trend for a second order system since natural frequency is proportional to the
square root of stiffness. The low variance accounted for scores indicate that the displacement
was not well predicted by the generated impulse response functions. There are several possible
sources of error which would have led to these poor results.
One source of error was the semi-permanent compression of the sponge. It turned out that the
after repeated testing the sponge would not entirely return to its original shape. Instead, there
was a slight indentation where the probe was in contact. This resulted in a local area of higher
density and lower compliance. This property of the sponge made it very difficult to characterize,
especially as a second order system since it remained partially deformed after each test.
Moreover, the average position of the forcing probe continued to sink into the sponge for
approximately the first five seconds of each test. After that, the probe deflected about an
equilibrium point. It may prove insightful to analyze the data after cutting the initial 5 seconds
of data so as to work with a more constant compliance level.
Another source of error was the manner in which the sponge and Delrin block were held in place
during testing. Since they were held against the probe guard by hand it is possible that the
device was measuring some of the dynamics of the hand in addition to the dynamics of the
sponge. Moreover, it is possible that the load cell was sensing the inertia of the probe. At such
high accelerations, it is possible that that force term is not negligible. A force test should be
performed where the forcing probe is actuated but does not come into contact with anything.
Any changes in the resulting force signal would indicate inertial effects.
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Appendix
The MathCAD program used for data acquisition and analysis is provided below. This program
was modified by Ethan Post from the original program created by Ian Hunter [12].
CoilResistance := 5.ohm
PositionSensorVoltageToPosition := -1.5810- 3. m
V
PositionSensorCOffset := -3.36 V
N
ForceSensorVoltageToForce := 11.8. 
V
ForceSensorOffset:= 0.474 V
CoilCurrentToForce :=
CoilVoltageToForce :=
CoilVoltageToForce =
ColForceToVoltage :=
CoilForceToVoltage =
Calibration -> Sensor reading at Omm reference
Calibration -> Sensor reading at 0 load reference
N
7.19-
A
CoilCurrentToForce
CoilResistance
1.438-
V
CoiNoltageToForce
0.695-
N
Generate Gaussian
White Noise
I := 4000 Maidmum sample (number of samples = I+1)
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Maximum samp (number of samples = I+1)
i:= 0.. I
12
gwzl:= ' n 1)-6
j=1
At:= 0.0025 s
Sampin rate =
Tine between samples
- = 400
At
Hz
Defre First-Order Low-Pass Filter
Set cutofffrequency to be lessthan half the sampling rate, 83.3Hz,
T := .005 J := 50 j := O..J
f- - exp --)
1 = 31.847
2.3.14t
Cutoff frequency is about 32Hz
Convwore the Gaussian White Noisewith the Filter
ni/( i JT))
xli:= At. (fj-gwi- This implements numeric convolution.
Zompute Means al Stamdard Deviations
I
Ilxl) := xliI+1 -
i=O
a (xl) :=
Lxl := Pxl)
Cxl :=a (xl)xli
li- pia
i1leall
st (I,I (leviiiion
2
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white Gausiagnsigl
Gire the Irput the Desired Mean and Standard Deviatibn
1l.xli- ll11
xli := Set the input to have nmanof 0.0 and standard deviationof 1 N
cxl
x2:= for ieO..legt(xl) - 1
x2<-- 0 if x li< -3
x2-- 10 if xli> 7
x2;-- xli+3 otherwise
x2
C hange forces to hialf tleir values
1x := X1)
Run Expedment go
go:= 1
fooy:= if go = 1
me- t ime ti At)
for ie O..I
time<J)
errpn- (OoilForeToVoltagey xj
M,o - ad(O) V
R,1 <- d(1).V
err<- da(O ,O.O)
0 otherwise
k := O.. las fol I
x := -ForceSensorVoltageToForc{fbo~ - ForceSenscaOffse)
qc := PositiornSensorV oltaeToPositi4foo , - PositionSensorfst
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Set y to zero mean
Set x to zero mean
It I I .
-14 I ' 
0 5 10
i At
Time (s)
5 10
i At
Time (s)
WVe can check that the input has a Gaussian probability density, Px, by calculating its probability
density function and comparing it to a Gaussian probability density with the same mean and SD.
K:= 30 k:= O..K Abir:= 8 xK-1
I
Pxk = - 1 .v' ifni rbb+ bk < xi [mi+ bi(k+ )l ,1 ,0Abir.(I + 1) ---'
i=0
a. 2 .2
PGau (x pail) := e
Gaussian probability density function
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= ~ Wy)
KLX WLX)
oy := C(y)
x := (X)
Yi := Yi- Ly
xi := xi- x
0
4
0.6xi
0
1i
0
0o
,J
oI
(1000Y)
0
0
-1
0
I
1 I I
I
mif6n:= 4 Cx
rl~ ..r I.. .,.
Amplitude Probability Density of x
1.5
1
KkPI
_F
PGauss(a, 0, x)O 5
0
I
PDXk = yI Z xif[x
i = 
PDGauss(x, ,I ) :=
-1 -0.5 0 0.5 1
minbin+Abink, a
Force (N)
x10
J- 10
Probability distribution
function of x
Gaussian probability
distribution function1 e dx
c7-F2.
Prob. Distribution Function of x
PDxk
auss( .
PDGauss a, Cil, ax N
-1 0
minbin+Abin.k, a
Force (N)
I)etermnire ip ut and output biased auto-corretibn fumtzns (Note: means are 0. 0)
J := 200
I
1
cx~~ --I+1 
i= 
._
0
-
o
PI
j - O..J
I
I+1 i=j
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S S I
I_____LC
~(~,,,. abk), 1, 0
1-
I
1
0.061
0
-n njI
0.2 0.4
3.42 10- 8
o
00U
Cyyj
8.56 10-
0
-1.71 10- 8
j At
Lag (s)
Determine the input-output cross-correlation function.
cxyJ := 1 Z (xi-yi)
=I+1i=j
2.06 10-5
cxyj
0
8 .10- 6
-4.58 10-6
0
0
0.5
j.At
Lag (s)
Estimation of the system impulse response function (system identification)
j:= O..J k:= O..J
Cxxja,k:= cxxlj-kl
he5 t := '-(cX -c1y)At
Form the Toeplitz matrix from the input auto-correlati on function
Solve for h via Toeplitz matrix inversion (i.e. the input
auto-correlation function is deconvolved from the
cross-correlation function)
42
cxXj
0
0o
0
U
0.5
j.At
Lag (s)
0
0
i
/""h"-·
-----
I I
I I
I
&.uu.
0 0.2 0.4
j At
Lag (s)
sin(1 on. Continuous second-orderlow-pass under-damped
impulse response function
1_42
sampled version of the impulse response function
Define objective function to minimize
We define the sum of squared error between the measured impulse response and the model
SSerror(Gaif, Own ) ±I~ kg 2best "tn i 2 t Ga f Qn,4)IS
Estimate Parameter Values by Hand
Gain :=
Gain = 1.31 x 10 3
0 0.5 1.5 m2 T1
cc'n =
o n = 100
0 100 rad /s50
4 = 0.72
0 0.5 1.5 21
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0.02
hest.
J0.01
0
11-
aC)
40
0
l
h,.(tGam',co.,) := Gam'.Cnn'eq(- C.CO'jt)
SSerr( Gai, on,4) = 0.029
hmodel := hm(jAtGai,Icn,)
0.05
, hest.
3 _
0X modelp. 015
I -
-0.02
0 100
Lag (s)
200
Estimate parameters by minimizing objective function using nonlinear minimization
We will use a nonlinear minimization technique implemented by the function called Minimize() which
attempts to find the parameters which minimize the function SSerror( )=0. Minimize() uses the
Levenberg-Marquardt nonlinear minimization method. The parameter values set manually above
are used as initial estimates for the minimization algorithm.
TOL:= 0.001 Set the minimization termination condition
Gain
O := Mninhie SS Gain o )errorI in, Coi) Note that this will take a few minutes
Gain = 1.296 x 10- 3
rad
= 1.66
Yodel := h(.AtGainIDn)bmdl 
0.015
4 hest.
0 hmodel 0.00
005
-0.005
0 0.2
jAt
Lag (s)
0.4
SSerror(Gain,Con,4) = 5.484x 10 3
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Results
m
N
on = 16.661
SF S
I I
i
Parameter Sensitivity Analysis
The figure below shows how the SS increases as , is increased or decreased from its
optimal value.
0.005
SSerror(Gain o, ), p). 0055
0.006
Find the corresponding I, B, and K
The two transfer functions are related by
Gain 0c2
s + 2.n -S + cons
1
I-s2+B-s+K
We can see that
2
con
K
I
CO = On S I
And that
1
Gain
Af :=
last(y) At
Si := Af.i Z'
and Gain.co n
Gain
B:
Gain con
i := 1.. 10000
transferfinctioni :=
Gain . n
(Si) 2 + 2*CQ si+ 1 2
Magnitudei := transferfinctioni4
Phasei := arg(transferfhnctioni)
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0.5
I
2 B K
s +-Is+-
I I
1
I
and 2co n
_ B
I
1
K
B
= 2jf/K
1I
2
Gain- Con
0.01
1 10- 3
1 10
1 10-5
1.10- 7
0
Phasei-2
0.1 1 10 100 1 10
i.Af
The compliance of the beam is
-4
Gain = 1.296 x 10- 3
I I
I I I I
0.1 1 10 100 1 10
i.Af
m/N
The stiffness is
The inertia is
The viscosity is
K = 771.697 N/m which is similar to the value
determined using static testing
I = 2.78 N.s2/m or kg
B = 153.773 N.s/m
Determine output, Yest, from convolution of input, x, with impulse response function, hest
i := 0.. last(y)
Note: this is the numeric counterpart to
the convolution integral.
(hest xi-j)
5
i At
Time (s)
10
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I I I
I I
min((i J))
Yesti At 
j=O
1000 Yi
l000 -Yest .
!
.4
S9
0.5
0
-0.5
0
o
1
Determine output, Ymodel, from convolution of x with impulse response function, hmodel
mn((i J ))
Ymodeli := At' 
j=O
(hmodeljexix-)
We now plot the actual output and the output predicted by the second-order transfer function model.
2E
4
c
-
ID
.
1000yi
1 0 0 0 Ymodel.
0
0.5
0
8 5 10
i At
Time (s)
We can also plot the difference between the actual and predicted outputs. These errors or residuals are
actually due to a combination of modeling error and noise (perhaps added to the output).
a
5
04
.2
M_
2
10 0 0.yi
100.(Yi-Ymodeli 0
2
-2
0 5 10
it
Time (s)
We can check that the input has a Gaussian probability density, Px, by calculating its probability density function
and comparing it to a Gaussian probability density with the same mean and SD.
m
erryi:= Yi - Ymodeli
erryi := 1000Yi- Yrmodei N
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I
I 11.1 JIII I WI.. . 11 IJ
11111-111 9 M
!
--- ~I 
1
ce := (erry) r := (erry),3r~ Lrry -· ry
I := last(erry)
minbn:= -4. oer k:= O..K
I
1
Perryk :=
Lbin.(I + l). 1=0
Abra.k) (eryi) < [mm + nb AAb (k + 1)], 1, 0]
1 X-ih2
1 2 CY
-- ~
.J e.
Gaussian probability density function
Amplitude Probability Density of erry
4
Perryk
_F
PGauss(a, Lerrny, enrry)2
0
-0.4 -0.2 0 0.2 0.4
mnbin+bi n -k, a
Displacement (mm)
1PDenyk :I i= 
i= 0
PD3auss(x, , o) := Ix
if[enrryi < (m inb + Abrk), 1,0]
1 (X- 
1 2 C
e dx
oC52 
Probability distribution
function of x
Gaussian probability
distribution function
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K := 50 Abin = 8 erryK 1
._
o
P-1
Prob. Distribution Function of erry
PDerryk
PDGauss (a, erry m erry m)
-0.4
0.
-0.2 0
minbin+Abin k, a
0.2 0.4
Displacement (mm)
Determine the output variance accounted for, VAF, by hest and hmodel
A quantitative measure of the success of the prediction is the variance accounted for (VAF) bythe
model.
NonParametric Prediction Error
VAFes t := 100- 
erroresti := est - i
_ (errorest) 2 )
C(Y)2 )
VAFest = 61.499
Parametric Prediction Error m
,,=odel I := Y Nodel.- xi
VAFmode' 1001-VAy d1l=10-(1- C (y)
cF(y)2 J
VAFmodel = 50.577
It is important to note that the variance accounted for by the non-parametric model, hest, will always be
greater than the variance accounted for by the parametric model, hmodel. This is because the
parametric second-order model used here only has 3 free parameters (Gain, con, ) whereas the
non-parametric model essentially has as J+1 parameters (the impulse response function
values).
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Pq
1
